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Abstract 

We consider a model of Brownian motion on a bounded open interval with 
instantaneous jumps. The jumps occur at a spatially dependent rate given 
by a positive parameter times a continuous function positive on the interval 
and vanishing on its boundary. At each jump event the process is redistributed 
uniformly in the interval. We obtain sharp asymptotic bounds on the principal 
eigenvalue for the generator of the process as the parameter tends to infinity. 
Our work answers a question posed by Arcusin and Pinsky. 



1 Introduction and Statement of Results 

In a sequence of recent papers Pinsky [Pin09j [Pin] and Arcusin and Pinsky [AP11] 
considered the following model of a Brownian motion (elliptic diffusion in |Pin] ) 
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with instantaneous jumps. Let D C M. d be a bounded domain, and let /i be a Borel 
probability measure on D and V G C(D) a nonnegative function. Let C^yu := 
V(a;) (/ udn — u) , w G Cb(D), denote the generator of the pure-jump process on 
D with jump intensity V and a jump (or more precisely, redistribution) measure \x. 
For 7 > 0, the diffusion with jumps process is generated by the non-local operator 
-L^ tlhV , where 

L^^v := —z A - T^V) (!) 

with the Dirichlet boundary condition on <9P. In words, the process considered is 
Brownian motion killed when exiting D, and while in D, is redistributed at a spatially 
dependent rate 7V according to measure /x. The main object of study in the papers 
above was the asymptotic behavior of A (7), the principal eigenvalue for Py, M ,y, as 
7—7-00. The first paper, |Pin09] . studies the model when V = 1. The second paper 
|APllj provides the nontrivial extension to the case where V is strictly positive on 
D. In what follows, we will refer to this positivity assumption as the "nondegen- 
eracy" condition. When V is constant, redistribution occurs at the jump times of 
Poisson of rate jV, while for spatially dependent V the jumps occur according to 
events of a a time-changed Poisson processes with constant rate 1, time being sped 
up when 7V is lager than 1 and slowed down when 7 V < 1. The most recent paper 
|Pinj studies the model under the nondegeneracy condition in the general setting of 
elliptic diffusions. 

Let X := (X(t) : t > 0) denote the process generated by — L 7)At) v, and let PJ, E]. 
denote the corresponding probability and expectation conditioned on X(0) = x G D. 
When 7 = 0, we abbreviate and write P x and E x . That is, P x and E x correspond to 
Brownian motion (no jumps). Let 

r := inf{t > : X(t) <£ D} 

denote the exit time of X from D. Then Ao(7) has the following probabilistic inter- 
pretation [APllj . For any x G D, 

Ao( T ) = -Hmi In PJ(r>t). (2) 

t— >oo t 

Observe that (j2J) implies that given any x G D, we have 

A ( 7 ) = sup{A G E : El (e Ar ) < 00}. (3) 

In fact, the limits and equalities in (J2j) and (J3]) remain to hold when replacing the 
probability and expectation PJ with snp xeD and sup^g^P^, respectively. 
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The above cited papers provide sharp asymptotic behavior for \o(j) as 7 — > 00, 
under the nondegeneracy condition and smoothness assumptions on dD and fi. In 
particular, the following result was obtained. 

Theorem A ( |APllj . Theorem 1-i). Assume that D has C 2 ^ -boundary for some 
f3 G (0, 1), min^g^ V(x) > 0, and for some e > 0, /1 possesses a density in C l (D ), 
where D 6 := {x G D : d(x, dD) < e}, then 

lim = S ° D ^ , (4) 

7^- ^ V2j D ±d(i 

where a is the Lebesgue measure on dD. 

We comment that |AP114 Theorem 1] includes an additional statement general- 
izing the result to fx with smooth density near dD, vanishing up to the £-th order 
for some £ G Z + . 

The nondegeneracy condition could be viewed as one extreme, the other extreme 
being the case where V is compactly supported. It was noted in |AP11] that when 
the support K of V is compact, then for x G D\K, and for any 7 > 0, the distri- 
bution of r under dominates the exit time for the Brownian Motion (no jumps) 
from D\K, and hence it follows from ([2]) that Ao is bounded above by the principal 
eigenvalue for — |A on D\K, a positive constant independent of 7. 

In light of the above, is it reasonable to expect some transition in the behavior 
of A from the nondegenerate case to the compactly supported case to occur when 
V is positive on D and vanishes on dD. The behavior in this regime was left as an 
open problem in |APllj . In this paper we answer it in one dimension. Our method 
is based on analysis of the moment generating function in ()3]), obtained through 
probabilistic arguments. 

In what follows, for real- valued functions /, g with domain D, and a G dD 
or a taken as dD, we write f(x) x g(x) meaning < liminf^a f(x)/g(x) < 

x— >a 

limsup I ._ s>a f{x)/g(x) < 00, whenever the limits make sense. This notation will be 
also used when f,g are real- valued functions on (0, 00), and a taken as or 00. 

Before stating our main result, we present some heuristics derived from Theorem 
lAl which provide some indication on the behavior when V vanishes on dD. Assume 
that /i is uniform on D and that V(x) x d(x, dD) a for some a > 0. Observe 
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that (j4j) is not well-defined also because the surface integral in the numerator of the 
right-hand side blows up. We can approximate it through volume integrals of the 



form 



r _d/j_ 



f Dt dfl e^Q 

where D e is as in Theorem |X] (note that the ratio approximates the integral with 
respect to the normalized Lebesgue measure, therefore a positive multiplicative con- 
stant is missing. Since this constant has no effect on the argument, we will ignore 
it). When a < 1, the volume integral in the denominator of (|4]) converges, therefore 
letting e — > in the approximation above, the ratio blows up, giving the prediction 
v /7 = o(Ao(7)). When a > 1, the denominator also blows up, suggesting a possible 
phase transition at a = 1. For a > 1, we can approximate the volume integral in 
the denominator by integrating over D — D e instead of D. Then, 



D-D f - 



Combining both approximations (with same e, this is not a rigorous treatment), we 
obtain an approximation to the ratio, proportional to e^/e 1- " = e^ -1 , as e — > 0. 
This blows up as e — > when a G (1,2), converges to 1 when a = 2 and converges 
to when a > 2. Summarizing, the heuristics suggest that ^7 = o(A (7)) for 
a G (1, 2), while A (7) x ^7 for a = 0, 2, and A (7) = o(y/j) for a > 2. 

Here is our main result. 

Theorem 1. Let D = (0, 1) and \i denote the Lebesgue measure on D. Assume that 
V G C(D) satisfies V > on D, and for some < a' < a < 00, V(x) x x a , and 

i->0+ 

V{x) x {l-x) a '. Let 5 = 5(a) = s^±l. Then 

A ( 7 ) x 7 j W x R ° = (5) 
7^«= I 1 otherwise. 

We would like to note the following. 

1. Observe that 5(o/) may be larger or smaller than 5(a), yet the asymptotic 
behavior is determined by the larger parameter a. This is a result of the 
fact that in the formula for the moment generating function for r, expressed in 
terms of the Brownian motion, the function V appears as a penalizing potential, 
discounting paths which spend more time at sets where V is larger. 
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Figure 1: Graph of 5 



2. The nondegeneracy condition is covered by the case a = 0. 

3. The graph of 5 is shown in Figured! Note the phase transition at a = 1. The 
Theorem corroborates the heuristic derivation preceding it. 

The remainder of the paper is organized as follows. In Section [2] we prove some 
identities and a lower bound on the moment generating function of r. In Section |3] we 
obtain the main estimates on functions of Brownian motion, which when combined 
with the results of Section [2] yield the proof of Theorem [TJ This proof is given in 
Section HJ 

Acknowledgement 
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2 The Moment Generating Function 

We define a family of stopping times for X. For y G D, we let 



r y := inf{t > 



X(t) = y}. 



(6) 
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We begin by recalling a well-known classical result about the moment generating 
function of the exit time of Brownian motion from an interval (see e.g. [RY991 pp. 
71-73]). 

Proposition 1. Let 0<a<y<b<l and let p > 0. For % — a,b, let A4 : = 
{ T a A T5 = Tj} ; and let j := a if i = b and j := b otherwise. Then we have : 

1. 



Ly [e lA) ~ sinh(v^(& - a)) ' Ly[e } ~ cosh(v^^) ' 

2. If ^/2p{b - a) < n, then 

E (e^l A )= MV2 ~ ply ~ 3l) 
y[ Ai) sm(^2p-{b-a)) 

If \flp{b — a) > 7T, then the expectation above is infinite. 

Proposition 2. There exists a constant 8q G (0, 00) depending only on V such that 

2 

if A > #07 a + 2 , then 

^(e Ar ) = 00. 

Proof. Fix x G (0, |). Let a x := tAt2 X denote the exit time of the diffusion from the 
interval (0, 2x). Under PJ, r > a x A J, where J is the time of the first jump. Since 
the jump rate on the interval (0, 2x) is bounded above by p := Ci7x a , it follows that 
r stochastically dominates a x A J' where J' is exponential with rate p, independent 
of a x . Let A > p. Conditioning on J' x , we obtain 

roa 



El (e AT ) > El (e x( - a ^ J ^ = E x (p 

= E x (p e {x - p)y dy + e (A -" )(T ^ 



— — (E x e {x - p)(T * - 1) + E x U x - p >*) 
A — p v 



-E x ( e {x - p)a *) 



A — p A — p 

From Proposition [T]- (2) we conclude that E x {e^ x ~ p ^ x ^j < 00 if and only if A — p < 
Thus, whenever A > p + c 2 x~ 2 = ci^x a + c 2 x~ 2 , one has El (e Ar ) = 00. Suppose 

now that x = cy'^+z for some c > 0. Then El (e Ar ) = 00, provided that 
A > Ci7c a 7~^2 + c 2 c~ 2 7^2 = (c lC a 4- c 2 c~ 2 ) 7^2. 
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Let 6 : = min cg [i i2 ] (cic a + C2C~ 2 ). If A > #07"+^, then 

El (e^) > I l El (e^) dx = oo. 



6[1,2]7" 

□ 



For A G R and t > 0, let 



i? A (t) : = At -7 f V{X{s))ds. 
Jo 

We have the following proposition, expressing the moment generating function purely 
in terms of Brownian expectations. 

Proposition 3. Let x G D . Then 

1. El (e A ^) = El (e AJ l {J<r} ) E% (e^) + El (e A ^l {r<J} ) . 

2. El (e A ^l {r<J} ) = E x (e^M) . 



3. El (e XJ l {J<T} ) = XE X QT e R ^ + 1 - E x (e R ^) . 
4- EVe^) = ■ 



This result essentially allows to reduce the problem to estimating the asymptotic 
behavior of the Brownian expectations appearing on the right-hand side of each of 
the identities. This is carried out in Section |3] below. Since these expectations are 
also solutions to some related ordinary differential equations, it is interesting to ask 
for independent analysis not based on the probabilistic analysis. Specifically, let A 
denote the differential operator Au := \u" + (A — 7 V) w. Then E x (e^^) is known 
as the gauge associated to A on D, that is, the solution to 

Au = on D 

u\ dD = 1, 

and E x (JZ e Rx ^'dtj is a potential for A on D, or total mass of Green's measure, 
solving : 

Au = — 1 on D 
u\bd = 0. 
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Proof. The first identity follows directly from the strong Markov property. Integrat- 
ing both sides of the first identity with respect to fi we obtain 

E l (e Ar ) = El (e AJ l {J<r} ) E; (e A ^) + E; (e XT l {T<J} ) . (7) 

In what follows we assume A is less than the principal eigenvalue for — |A on D. 
In particular, sup x . E x (e Ar ) < oo. The identities (2)-(4) extend beyond this domain 
by analyticity To prove the second identity, observe that 

e Ar l {T<J} = (x jf e xt l {T>t} dt + lj 1 {T<J} . 
Write I{t) := f*V(X(s))ds. Thus, 

POO 

El (e A ^l {T<J} ) = A / e xt P2{r >t;r< J)dt + PJ(r < J) 
Jo 

= XE X (j™ e M l {T>t} e-^dt \ +E X (e~^) 

= E x ((e Xr -l)e~^)+E x (e-^) 

= E x (e R ^) . (8) 

This proves the second identity. We turn to the third identity. 
e XJ ls J<T x = (x [ e xt l u>t x + 1 ] 1; 



4J<r} = y A J e L V>t} ~f 1 J L {J<r} 
poo 

= X e xt l{ T>t }(l{ J>t } - l{ T<J })dt + l{j< T }. 

Jo 

Thus, 

POO POO 

El (e AJ l {J<r} ) = X e xt Pl(r A J > t)dt - A / e A 'P x 7 (r > t; r < J)dt + PJ(J < r) 
Jo Jo 

XE X QT e R ^dt) - (PJ (e A -l {r<J} ) - PJ(r < J)) + 1 - PJ(r < J) 

AP, QT e^df^ + 1 - E x (e^ (r) ) . (9) 

It remains to prove the last identity. Observe that A J Q r e Rx ^dt + 1 < e Ar , and that 
e R\i T ) < e A-r # Therefore since sup^. E x (e Ar ) < oo by assumption, it follows from 
dominated convergence applied to the right-hand side of ([9]) that 

limP^ (e AJ l {J<r} ) = 1 - P M (e-iKv(x®)*t\ = pi[j < r ) < 1. 



(8) 



Consequently, we obtain from ([71) that 



F 7 ( P xr\ E l ( eAri {^<J>) 



and the right-hand side is finite. Plugging the second and third identities into this 
we obtain 

E 1 (e XT ) = ' 

" K ] E,(e^y)-XE,(J T e*Mdt)' 

and the result follows. □ 



3 Brownian Computations 

In this section we obtain the main estimates needed to prove Theorem [U We need 
some definitions. Below we let r = r( 7 ) = r( 7 , a) := 7~"^+2, and 

(r( 7 ) a < 1; 

r(7)/ In 7 a = 1; 
r(7) Q a > 1. 

The function h was chosen to satisfy that 7/1(7) is equal to the right-hand side of 
([5]). We also define a function A = A(#, 7, a) by letting 

7 a + 2 a < 1; 

A(0, 7, a) 1=07/1(7) = 0<gi a = 1; (10) 

7«+2 a > 1. 

In what follows, in order to simplify notation, we sometimes omit the dependence of 
the functions r, h and A on some of their arguments. 

We begin with following simple lemma needed for our estimates and whose proof 
will be omitted. 

Lemma 1. 

1. For 7 > e, h(^) < r^) 01 , and when a < 1, one has ^(7) = o(r°(7)) as 7 — > 00. 

2. For c > 0, h(j) 1 {1)<X<C ±dx ^ r( 7 ) 
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Lemma 2. There exists a constant 9\ G (0, oo] and positive constants C\, C2 depend- 
ing only on V , such that if 9 < 9\ then there exists a positive constant 71 := 7i(a, 9) 
and 7 > 71 implies 



and 



(J e R ^d?j < C 2 \e\r(j), 



Furthermore 

1. For fixed a, the function 9 — > 71 (a, 9) is nondecreasing. 

2. If a < 1 then 9 1 = 00. 

Proof. We first need some preparation before getting into the main argument. The 
preparation consists of several steps. The first is a reduction to symmetric V. Since 
a > a' > 0, we have that V(x) x x a < x a x V(l — a;). Since in addition V is 

x-^0+ X-5-0+ 

strictly positive and continuous on D, we can find V G C(D) such that V > V > 
in D, V(x) x d(x,dD) a , and V is symmetric. That is V(l — x) = V(x). Letting 

R\ denote the analog of R\ with V in place of V. Then R\ < R\. Therefore to 
prove the lemma, there is no loss of generality assuming that V is symmetric and 
V(x) x d(x,dD) a . 

x^dD 

The next step in the preparation is to obtain the constants #1,71 in the Lemma. 
We need to define a family of stopping times for the Brownian motion. For I G (0, |], 
let 

a x := M{t > : d{X u dD) = I}. 

Therefore 07 = 17 A ri_j, where T[ was defined in (jfJJ). Let 5 > be such that 
V(x) > 5d(x,dD) a for all x G D. Choose « > 1 such that > 2, and let 
^•(7) = k j V(7) for j = 1, 2, 3. Below we will omit the dependence of Tj on 7. When 

2 

a > 1, let 9i := -^-g < 1, and otherwise let 9i := 00. Assume that 9 < 9\. Since we 
are looking for upper bound, there is no loss of generality assuming 9 > 0. Assume 
first that a < 1. Since by Lemma QJ(1), h = o(r a ), we can find 71 := 71 (a, 9) < 00 
such that for all 7 > 71, h/r a satisfies h/r a < -^-^ < §■ In addition, for fixed a, the 
function 9 —> 71 (a, 9) could be chosen as nondecreasing. We have A = 6*7/1 < jr 
as well as 

v^Ar 3 = v / 2^7 1/2 /i 1/2 K 3 r = v^V^/i 1 / 2 = v^« 3 (V a ) 1/2 < T- 



a 

j 
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If a > 1, then h = r a and since 9 < 9i, and 9i < 1, we obtain 
A < 7r a and V2\r 3 < v / 2#n , r a/2+1 k 3 = j 

for all 7 > 0. In this case we set ji(a, 9) := 0. Summarizing both cases, we proved 
that there exists 9\ G (0, oo] and ji(a,9), nondecreasing in 9 such that for 9 < 9\ 
and 7 > 7! we have 

A < 7r° and V2\r 3 < j, (11) 
For the remainder of the proof we assume that 9 G (0, 9\) and 7 > 71. 

The next and the final step in the preparation consists of several estimates to be 
later used. Let p := A, a = and b := r 3 . Then y/2p{b — a) = v^2Ar 3 < |, and it 
follows from Proposition [TJ-(2) that for < y < r 3 

F fp A -l ^1 - sin (v^( r 3 ~ V)) flTlH F fp xa rs , \ _ sin(V2Xy) 

h y (e l{T<* r3 }) , and h y (e 3\ {ara<r} ) 



sin(V2Ar 3 ) '" ' sin(v2Ar 3 ) 

Since t — > sin(t) is increasing on [0, j], we obtain 

E x (e^l {T<CTr3} ) < 1, and E x (e^! r}) < < < 1, (12) 

sm(V2Ar 3 ) 1 + Ci 

where C\ is the universal constant satisfying = sup t6 ( 0) |) S1 °[^^ - G (0, 1). 

Suppose that x G D satisfies d(x, dD) > r 1; and assume < s < t < a ri . Clearly, 

V(X(s)) > 5d{X(s),dD) a > 5r* = 5{Kr) a > 2r a . 

Combining this with the first inequality in (TIT]) , we obtain A < ^V(X(s)). Summa- 
rizing, 

R\(t) < - ~ I V{X{s))ds < - 7 r% P x a.s, (13) 
* Jo 

when d(x, dD) > r\ and t G [0, oyj. We now obtain a similar upper bound in terms 
of x. Suppose d(x,dD) > r 2 . Without loss of generality, let x G |/*2,§]. Next, if 
y G D is such that d(y,dD) > k~ x x, then V(y) > 5d(y,dD) a > S^x)*. As a 
result, if t G [0, a K -i x ], we have 

R x (t) <Xt- Sj^x^t, P x a.s. 
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But by (TTTT) and the fact that 5n a > 2, we have 

Therefore, letting c 2 := 5K,~ a /2, we obtain 

#a(£) < -c 27 x a t, P. a.s., (14) 
provided d(x, dD) > r 2 and t G [0, a K -i x ]. 

We turn to the main proof, beginning with the first bound. Fix K G N and let 
x G dD satisfy d(x, dD) < r 2 . By the Strong Markov property, 

E x (e R ^ K ) < E x (e A ^l {T<CTr3} ) + E x {e x ^l [(Jr3<T} ) E r3 ( e R ^ K ) , 

and 

E rs ( e R ^ AK ) < E rz ( e ^(-n)) E ri ( e R ^ K ) . 
It follows from ([13} that E r3 [e R ^ a ^) < 1. Therefore 

Ex (^(rjAJf) < ^ ( e ^l {T<CTr3} ) + ^ (e A -3i {(jr3<r} ) ^ (^Ma*) 

f 1 + ^£ ri (e R ^ K ) . (15) 
1 + Ci 

Letting x = ri, we obtain E n (e Rx ^ AK ^ < 1 + ci, and plugging the latter inequality 
back into ffT5]) . we obtain E x (e Rx ^ AK ) < 1 + C\. Finally, letting K — > oo, monotone 
convergence gives 

E x (e R ^) <1 + Cl , (16) 

when <i(x, 91?) < r 2 . 

Next we find an upper bound on E x (e Rx ^) when d(x,dD) > r 2 . Assume then 
that x G [r 2 , |]. By the Strong Markov property, 

E x (e^«) = E x ( e ^K-J) (e^^)) £ n 

lU"6t 

< £7 X (e^-O) (i + Cl ) 

< ^(e- C2 ^-^)(l + Cl ). 
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Letting p := C2 , yx a , a := k l x and b := 1 — a in Proposition Hl-(l), we obtain 

, cosh(V2^(a; - i)) e ^h-*) 
' [ } cosh(V2^(| - f )) " V^l-f) 

= 2e" v/ ^ (1 " K_1):l ' = 2e" C37l/2:ra/2+1 
= 2e- c ^ x/r * )a/2+ \ (17) 

Summarizing, we proved that for x G [r 2 , §], 

£ x (e^M) < 2(1 + Cl )e- c ^/^ /2+1 . (18) 
We are ready to complete the proof of the first bound in the lemma. We have 

E, (e^W) < f E x {e R ^) dx + [ E x (e^«) dx 

Jd(x,dD)<r 2 Jd(x,dD)>r 2 

< 2r 2 (l + ci)+4(l + ci) / e- C4(x/r2) 7 rfa; 



< 4(1 + Cl )r 2 (\ + e- C4MQ/2+1 ^^) = c 5 r. 
We turn the the second bound. The argument is similar. If d(x,dD) > r±, we have 
^ ( / e*^ ) < E x [ I e-^dtj < ^ V I. (19) 



o / V^o 



Assume that d(x,dD) < r 2 . From Proposition d]-(2) we have 

E (^(ta^ = sin(v^Ax)+sin(V2A(r 3 -x)) 2 
X V / sin(V2Ar 3 ) 

Let K G N. From the strong Markov property we obtain 

V ^ - j + -^£ r3 ( / e R ^ AK dt ) 
A 1 + ci Vio / 



A 1 + cj ra Uo "7 
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But, 



E ra y\ R ^ AK d?j < E ra e R ^d?j + E ra (e^Kx)) Efl (^J\ R ^ AK d?j 

1 / r \ 

t ^ J i. +Er (j e R,(t)AK d A 



([T9j) , ([T3j> I 

< - 
- A 

Combining the two upper bounds, we obtain 



E x ( f e R ^ K dt] < i±^ll + -^—E ri ( [ e R ^ K dt] (20) 
\Jo J 1 + ci A 1 + ci \J J 



Letting x = r±, we obtain 



E ri [j Q T ^ xmKdt ) ^^r 1 - 



which in turn implies 

\Jo 7 " A V 1 + ci 1 + ci 1 + ci y A 

By letting if — )■ oo, and using the monotone convergence theorem, we have proved 
that 

i^>^)<i±^, (21) 

whenever d(x, 3D) < r 2 . 

Next we obtain an upper bound when d(x, 3D) > r 2 . We begin with an auxiliary 
bound. Let x G [7% -]. Then 

E x ( e R ^d?j = E x ( jT' e R ^d?j + E x (e R ^) E n ^ e R ^d?j . 

mm 1 + i + 2ci < 2(i + d) _ (22) 

A A A 
We now obtain the main bound. Assume that x G [r 2 , |]. We obtain 

fl, (£e* x ®dt) = E x QT"" 1 ' e R ^dt^ + E x ( e *<*„-0) (jf^®*) . 

m <® E x i[ KlX e ' C2 " XaS A +2e-^'^ a/2+1 E^ x fJ\ R ^dt) 



il22l i x 4(1 + c 1 )e~ C4 ^ ,/r2 ^ 7 ^ 



h/2+1 



c 2 7x Q A 
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Therefore 
A 



/ E x ( f e R ^dt]dx<29h f ~^dx + 4(1 + Cl )r 2 f e~ C4ua/2+1 du. 

Jd(x,dD)>r 2 \J0 J J r 2 <x<\ C 2% a Jl 

Lemma fTV- (2) 

< c 6 (9 + l)r. 
Along with ( )2T|) we obtain 

XEf, (J e R ^ l) d?j < 2(1 + 2 Cl )r 2 + c 6 (9 + l)r = (9 + l)c 7 r. 
Let 9 := min(f , 1). If 9 > 9 , then {1 + 9) < 29. When 9 < 9 we have 

XE, [[e R ^dt^ < ^A(flo)^ (J\ R ^dt^ < ^^^c 7 r, 

and the result follows. □ 

For real let v$ :— 1 + 9-, where := max(— 9, 0). 

Lemma 3. There exist positive constants 6*3,(74,71 depending only on V, such that 
for 7 > 71 and 9 G 1R 

and 



\X\EjJ\ R ^dt) >C 4 ^r( 7 ). 



Proof. We begin with some preparation. Let r] be a positive constant satisfying 
V^(x) < ?ya; a for all x G -D. By definition of A and Lemma [T]-(l), A = 9 r yh > —9^r a . 
Now let x G [0,r], and let < s < t < t 2x . Then P x a.s. we have V(X(s)) < 
r]X(s) a < r]2 a r a . Therefore 

R\{t) > -9^r a t - 1Cx r a t > - Cl v e ir a t. 

Then, 

E x (e^W) > E x (e^Wl {T<T2i} ) > ^ {e-^^l [T<T2x} ) . 
Letting p := ciVe'yr 01 , a := 0, 6 = 2x and y := x in Proposition [T]-(l) we obtain 

K (e— !,«„,,) = 3in '''^:' = > 1 



sinh( v /2p2x) 2cosh(V2pa;) ~ 2e^' 
15 



Since y/2p = y/2ciVe^ 1 ^ 2 r a ^ 2 = -J2c\Vqt 1 , we conclude that 
E„ (e R ^) > f E x (e R ^h {T<T2x} ) dx 

J0<x<r 

> - ! e - V2 ^ r ~ lx dx 

2 JQ<x<r 



'0<x<r 

2 Jo _ 



e- V2ciVsy dy 

1 

r > r 



and C2 is a positive constant independent of 9. This completes the proof of the first 
bound. 

We turn to the second bound. Fix x G [2r, |]. We have 

J e R ^dtj >eAJ e R ^dtj. 

Let < s < t < A T\_5 X . Then V(X(s)) < r](1.5x) a , and since A = 9^h > 
_^Q_ r a y — ^#_(0.5x) a , we conclude with 

R\(t) > -7(^-0.5° + 7]1.5 a )x a t = -c 3 v e -fx a t. 

We then have 

/ e ** (t) dt > ^ ^. 

io / ^VgJX 01 

From Proposition [T]-(l) with p := c 3 Ve r jx a 1 y := x, a := 0.5x and b := 1.5x to obtain 

1 



cosh(y / 2p0.5x) 

Observe that v/2p0.5x > 0.5^/2c^-f 1/2 r a/2+1 = Q.h^/2c^. Therefore 

(rT0.5xATi.5 x \ \ } _ 
/ e R »®dt) > cosh( ^°- 5x) > 
7o J P v e -fx a 

where the positive constant C4 is independent of 9. Integrating this inequality we 
obtain 

E u ( r e R ^dt] [ —dx, 



/ iv 9 J 2r < x <\ % 



The result now follows from Lemma [T]- (2). □ 
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4 Proof of Theorem H 



In this section we use the results of the preceding sections to prove Theorem [TJ 

Proof of TheoremUi Let A = X(9, r y, a) be the function defined in ( flOl) . We first 
obtain a lower bound on Ao(7). It follows from Proposition [3]- (4) and Lemmas [2] and 
El that 

E l (^) < ~ W 
1 c 3 

for 9 G (0, 6i) and all 7 sufficiently large. In particular letting 9 = | rnin(^|, 6 1 !), we 
obtain that EJ (e Ar ) is finite for some x G D. We conclude from (j3J) that A < A (7), 
completing the proof of the lower bound on A (7). 

We turn to the upper bound. In light of (j3J), in order to show that A > Ao(7), it 
is sufficient to show that E% (e Ar ) = 00 for some x G D. However, by Proposition 
O-(l) this condition holds if E^(e ) = 00. This is what we will prove. We split the 
discussion according to the value of a. 

Assume first that a < 1. From Lemmas [3] and [2] we conclude that there exist 
positive constants depending only on V such that for every 9 > 0, there exists 
7i := 7i( a ) 9) G (0, 00) and 

\\\E„ (J e R * {t) d?J > C 4 9r, and £ M (e R ^ r) ) < C x t, 

provided 7 > 71. Furthermore, 9 — > 71 (a, 9) is nondecreasing, hence the above 
inequalities hold for all < 9 < ^f 3 -, if 7 > 71 (a, ^ )■ But then, Proposition [3]- (4) 
gives 




In particular, for 9 := ^r, we have E^ (e Ar ) = 00. 

Finally, assume that a > 1. Note that the upper bounds of Lemma [2] may 
not hold for all 9, so the argument in the last paragraph may not work. Recalling 

2 

from ([TO]) that A = #7^+2, it follows from Proposition [2] that there exists a constant 
6» G (0, 00) such that for 9 > 9 , we have E^ (e Ar ) =00. □ 



17 



References 



[APll] Nitay Arcusin and Ross Pinsky, Asymptotic behavior of the principal eigen- 
value for a class of non-local elliptic operators related to brownian motion 
with spatially dependent random jumps, Communications in Contemp. Math. 
13 (2011), no. 6, 1077-1093. 

[Pin] Ross G. Pinsky, Asymptotics for exit problem and principal eigenvalue for a 
class of non-local elliptic operators related to diffusion processes with random 
jumps and vanishing diffusion, preprint. 

[Pin09] Ross G. Pinsky, Spectral analysis of a class of nonlocal elliptic operators 
related to Brownian motion with random jumps, Trans. Amer. Math. Soc. 
361 (2009), no. 9, 5041-5060. 

[RY99] Daniel Revuz and Marc Yor, Continuous martingales and Brownian motion, 
third ed., Grundlehren der Mathematischen Wissenschaften [Fundamental 
Principles of Mathematical Sciences], vol. 293, Springer- Verlag, Berlin, 1999. 



18 



